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VI. 0« the Rectification of the Hyperbola by Means of Two Ellipses; 
proving that Method to be circuitous, and such as requires much 
more Calculation than is requisite by an appropriate Theorem : 
in which Process a new Theorem for the Rectification of that 
Curve is discovered. 

To which are added some further Observations on the Rectification 
of the Hyperbola: among which the great Advantage of descend- 
ing Series over ascending Series, in many Cases, is clearly 
shown ; and several Methods are given for computing the con- 
stant Quantity by which those Series differ from each other. By 
the Rev. John Hellins, B. D. F. R. S. and Vicar of Potter' s- 
Pury, in Northamptonshire. 

Being an Appendix to his former Paper on the Rectification of the 
Hyperbola, inserted in the Philosophical Transactions for the 
Tear 1802. Communicated by Nevil Maskelyne, D.D. F.R.S. 
Astronomer Royal. 

Read January 10, 1811. 

i. I he rectification of the hyperbola by means of two el- 
lipses is one proof, among many others, of the great sagacity 
of the late Mr. John Landen, F. R. S. ; and the ingenuity which 
he displayed on that occasion has obtained the notice and called 
forth the praises of eminent mathematicians both in this island 
and on the Continent. Yet, while the great ingenuity of the 
device is thus generally and justly allowed, this method of 
rectifying the hyperbola has always appeared to me to be 
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more curious than useful, as it is circuitous, and requires muck 
more calculation than is requisite for that purpose by an appropriate 
theorem. The establishment of this truth is the main design 
of this short paper ; a truth which, to my surprise, has not 
been noticed in any book that has come to my hands.* 

2, But, before I proceed to investigation, it seems proper to 
remark, that Mr. Landen has, in his Memoirf on the Hyper- 
bola and Ellipsis, expressed himself as if he thought that the 
difference between an hyperbolic arch and its tangent, when 
both are of an immense length, could not be computed before 
he published that work. His words at the beginning of the 
memoir above-mentioned, are these : '« Some of the theorems 
" given by mathematicians for the calculation of fluents by 
" means of elliptic and hyperbolic arcs requiring, in the appli- 
" cation thereof, the difference to be taken between an arc of 
" an hyperbola and its tangent ; and such difference being 
" not directly attainable when such arc and its tangent both 
" become infinite, as they will do when the whole fluent is 
* s ' wanted, although such fluent be at the same time finite ; 
" those theorems therefore in that case fail, a computation 
" thereby being then impracticable without some farther 
" help." 

" The supplying that defect I considered as a point of some 
"■ importance in geometry, and therefore I earnestly wished 
" and endeavoured to accomplish that business ; my aim being 
" to ascertain, by means of such arcs as above-mentioned, the 
" limit of the difference between the hyperbolic arc and its 

* On this occasion, no one has betrayed more ignorance, nor shown a greater want 
of candour, than the writer of Art. XIII. in the Monthly- Review for April 1803. 
f This is the second in the I'st. Volume of his Memoirs, printed in the year 1780. 
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" tangent, whilst the point of contact is supposed to be car- 
" ried to an infinite distance from the vertex of the curve, 
" seeing that, by the help of that limit, the computation would 
" be rendered practicable in the case wherein, without such 
" help, the before-mentioned theorems fail. The result of 
" my endeavours respecting that point appears in this Me- 
" moir : which, among other matters, contains the investiga- 
" tion of a general theorem for finding the length of any arc 
" of any conic hyperbola by means of two elliptic arcs."— 
Vol. I. p. 23 and 24. 

And towards the end of the same memoir he has expressed 
himself thus: " Mr. Maclaurin's method of construction," 
[of the elastic curve J " just now adverted to, though very 
" elegant, is not without a defect. The difference between the 
" hyperbolic arc and its tangent being necessary to be taken, 
" the method (for the reason mentioned at the beginning 
" of this Memoir) always fails when some principal point in 
" the figure is to be determined ; the said arc and its tangent 
" then both becoming infinite, though their difference be at 
" the same time finite." P. 36. 

3. Whoever reads the passages here quoted, and knows 
not what was done on the subject before Mr. Landen handled 
it, will undoubtedly conceive that he was the first person who 
solved the problem of computing the difference between the length 
of the infinite arch of an hyperbola and its asymptote. Yet the 
fact is not so. That difference may be computed, in many 
cases, by the first series given by Mr. Maclaurin in Art. 808 
of his Treatise of Fluxions, which series admits of an easy 
transformation into another form, by which the aforesaid dif- 
ference may be computed in all cases ; or the fluent may be 
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taken in a series which will always converge; and both he 
and Mr. Simpson have actually produced such a series, the 
one in the place before referred to, and the other in Art. 435 
of Ms Doctrine of Fluxions. And although this series, when 
the transverse axis of the hyperbola is much greater than the 
conjugate, will converge very slowly, yet (as I have shown 
in the Philosophical Transactions for the year 1798,) the value 
of it to seven, or even to ten places of figures is, in all cases, 
attainable. 

As Mr. Landen had the character of a man of great pro- 
bity, and as he has, in various parts of his writings, shewn 
a regard for the memory of the eminent mathematicians 
above-mentioned, I cannot account for this misrepresenta- 
tion of the matter any other way than by supposing that, 
being old when he wrote this memoir, and incumbered with 
much other business, his memory failed him. His just praise 
on this occasion is, that his solution of the aforesaid problem 
is much better than those of his contemporaries. I shall have 
occasion to speak again of this problem in my observations 
towards the end of this paper ; but now proceed to the proof 
of the main point which I had in view in writing it. 

4. If the transverse axis of any conic hyperbola be called 3, 
and the conjugate axis 26; and if the abscissa counted from 
the center on the transverse axis be called x, the correspond- 
ing ordinate y, and the length of the arch from the vertex to 
the ordinate H ; then, by Simpson's Fluxions, Art. 435, we 

have H = ^±^1, or, (putting ee « 1 + »,) H « 

x \/{ eexx—i) ~, >_ 

MDCCCXI. Q 
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5. If now we put x = %/\j~^)> C®3 we shall have 

uu 

ee ee—uu -, ee—uu 

xx = , eexx — — — , and eexx — - 1 == — is 

I — ««' I— UU* l—UU 

uu 
ee—uu — \-\-uu ee —i ■% -,-, ■, , ee 

—l^u — = 7Z^5 we shali also have jtx— i-^— _i 

UU , , I \ 

I I + uu (1 \uu 

eil ; and thence, by substitution, 



I — uu 
I 
eexx—i ee— i * ee / e*— ee ee 



(1 )«« 

— 1 ee— 1 * ee / e*— e^ »* , , 

xx ~ = its: * — i=sr- = (e7Z7F» ^ ™» and conse q uentl y 

- / ee xjt— 1 \ _____ e _, «- 

» \ JTA-— I J K* koj 

But, since x was put = V\jl— U ), ( see * e ec l uation nura ~ 

UU . .. uu 

— - — u «v(i— — 

bered fVI, we have x = - — -If — x -7—- 1- — 

i/C 1 (i— kk) 

et J 



which, by reduction, becomes ~—~ 3 — e li . And lastly 

(i-*«)«xV(i-~) ■ 



by substituting this value of* in the equation numbered £33, 



(1— —\uu 



we have H = x s /[ e ±^-=±) = _ e H x -i = 

* xx ~ x ' (.-«)*xV(i-2| « 

ee/ 

e(i 1» 

_ . — ffj * the fluxion of the arch of the hyperbola. 

{i-uuY x V)i- — 1 
ee / 

6. Let us now (to simplify the expression) put $ = — , and 

• As this result differs from that given by Mr. Woodhouse, in p. 260 of the 
Philosophical Transactions for 1804, I have set down the process at large, that the 
intelligent reader may the more easily psrc.eive where the truth lies. 



of the Hyperbola. 115 

assume V = u V \^~~\ '■> th en > by taking the fluxions on 
both sides, we shall have V= iy/ ( l=Z£) - y — -^L— -^ 

+ "™^- c ;^ . Here *^(i=£2), the first term on the 

(1— mm) 1 * 

right hand side of the equation, is evidently the fluxion of an 
arch of an ellipsis of which the transverse semi-axis is 1, the 
eccentricity is s, and the abscissa (counted from the center) 

is u. The third term, — — - — 7^-, by multiplying both 

(I — till)* 

numerator and denominator by y/ ( 1 — a uu), becomes 
• *""~ " uu , which (by division) is very easily resolved 

(i — mm) 2 x V(i-«w) 

into -77 r — 77 r 4 --, — ; so that the sum 

of the second and third terms on that side of the equation 

becomes barely ~ ~ £ — , which expression is ob- 

{1— uu) 2 x Vi l — " «") 

viousiy = - V(I ,J ) , ^ ) ( " I _ M „ ) + (TZ^liffe^) ; and the 

last of these ( e being by the notation = ~ ) differs from H, 

the fluxion of the hyperbolic arch, found in the preceding Ar- 
ticle, only in that it is not multiplied by e ; or, in other words, 

it is = --. Let us therefore substitute the values now found 

e 

for their equals in the above fluxional equation, and we shall 

have V = u • (- T=sr ) - TlJZ^^fiJZl^) + ~ 00 

7. Now it is easy to perceive, from what is done in Art. 13 
and 14 of Landen's second Memoir, (above referred to,) that 
the fluent of the second term on the right-hand side of this 
equation may be found by means of the fluent of the first term* 

O 2 
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an algebraic quantity, and the arch of another ellipsis which 
is more eccentric. And as this has been done by some late 
writers on the rectification of the ellipsis,* I shall, on the pre- 
sent occasion, only state and use the result, in a notation con- 
venient for an arithmetical calculator. Thus, putting £= -~r* 

A — '+««-- V( ee — uu)(i— uu) 
ze 

and the fluent of ^—^ = E, 

... f _____f _, -- F 

V(i— w)xV('- nuu) ' 

-of ~ ,~ — — = V E, it is certain that 

Fis = & fi±!) u + — E — -i- V E. 
Multiply this equation by i — eg, and write 26 for its equal ™ 
C 1 4" e )"> ant * ^ becomes 

(l — 66 ) F =. 2eK -j- qE — 2 (l+0 'E. 

If we now take the fluents of the fluxions in the equation 
marked («) in the preceding Article, we shall have 

V = E — • ( l— ss)F+7% And since all these quantities begin 

and increase together, this equation needs no correction. And 
hy writing for (l— es) F its value found in the preceding 

equation, we have V— — zsu — E -{- 2 (i-j-e) V E+ —; and 
thence by reduction and transposition, H = 26 e u + e V+ e 
E — ze (1+ E'; which expression will be found to exceed 
that given (for the same purpose) by Mr. Wood house, in p. 
261 of the Philosophical Transactions for the year 1804, in 
the ratio of e to 1. 

• See M. Lacroix's Traite du Calcul Diffe'rentiel et du Calcul Integral, Tome 
II. p. 181. 
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Moreover ; since by the notation in Art. 5 and 6, s e is = 1, 
and V—ux, we have, by substituting these values for their 
equals in the last equation, H = aw + e i u x + E) — 2 ( 1 -J-e) 
X E, (6) which is Landen's theorem in a different notation. 

8. I am now to prove, that all the labour of computing the 
eccentricity* and abscissa, and the arch itself, of this second 
ellipsis, and the subsequent operations of multiplication and 
subtraction requisite in the application of it to the rectification 
of the hyperbola, is altogether needless ; since the same end 
may be obtained by only computing and applying the fluent 

of u^ {———), which will require no more calculation than 

must be made to find and apply the elliptic arch denoted by 
E (of which the axis, and eccentricity, and abscissa, are given). 
And the truth of this will quickly appear. For, 

o. The fractional expression, '^.'"""L .-. — ilz!!JJt _ 

found above, in the equation marked («), (see Art. 6.) by 
reduction to a common denominator, becomes 

a— isuu u— u-\-u u __ eeg(l-— till) stutj{—nu) 

V(i-.aa)>CV'( 1 -- e£l " < ) ~~~ V(»— »»)Xi/(l- auu) ~~~ Vfl— «mk"° 

Substitute this for its equal in the aforesaid equation, and we 
have V = —jt——^ -J- -7- (?)• Take the fluents, denoting 

that of ^yp-^-l by G, and there will be V= es G 4- ~ ; and 

thence, by transposition and multiplication, H aas e V — e G. (£). 
This theorem, as far as I know, is new. 

Here then it appears, that the rectification of the hyper- 
bola is accomplished by means of the algebraic quantity e V, 

* When it is more convenient to use the conjugate semi-axis than the eccentricity, 
in the arithmetical calculation, then that must be computed instead of the eccentricity. 



*i 8 Mr. Hellins on the Rectification 

(=zeuV f - """"" ) = eux.) and e x the fluent of „ ■ i '""" —(. And 

it is obvious to every competent judge that the arithmetical 
work of computing the value of G, with any given values of 
e and u, will be as short and easy as the computation of the 
elliptic arch denoted by E. Yet, for the more ready compa- 
rison of the series, with each other, which arise in taking these 
fluents, I will here set them down in the Newtonian form, 
which undoubtedly is the most convenient for arithmetical 
calculations that has yet been discovered. 

10. E is = — r-^ = -77 l x : 1 2 —7 

— —'A , &c, ; and denoting the fluents of -~~ — r, -." uu - v 

2,4.6.8' ' o vc 1 — «") v(i— w»o, 

■ x/( U ~uuV ^ c ' ky ^'' ^ ' ^', & c< respectively, we have 
A' = the circ. arch of which the rad. is 1, and sine u. 

R , A'-uV(l-uu) 

n , 3B'— »V(1- K«) 



5 



n , 5 C '— «V(i—«») 

JJ — 6 — , 

H, — g 

&c. &c And then, multiplying these quan- 

tities by their proper factors, and placing them in due order, 
we have 

E== A'--B'--C'-.-4d'- -&L E', &c. 
2 2.4 2.4.6 2.4.6.8 ' 

A, • uJ (l—VU) ,, \ , ee uu , le*u* 

11. G is = -— -f = « v/(i--mm) x : 1 + ~— -f~ * — 

V(l — ee UU » \ V • 2* 2.4 

_j_ 3±^. _j_ ~i~~, &c. Now, denoting the fluents of « 

«/(i — uu), uuu s/ (i — uu),uu* s /(i'"Uu) ) &c. by A, B, C, 
&c. respectively, we have 
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and sine u. 



A = area of •§• the mid. zone of a circ. of which the rad. is 1 



B 



A — w(i — «tt)s 



C _ 3^— « 3 (i— ««)'« 

u — — T ' 

rj ___ 5C— «'(l— ««)« 

^ 8" ' 

p 7D — K 7 (l — KM)I 

10 ' 

&c. &c. And, multiplying these quantities by their 

proper factors, and placing them in due order, we have 

12. Now, by comparing together the fluents denoted by A f 
and A, B' and B, C and C, &c. it is obvious that the arithme- 
tical calculation of the one will not, in any respect, be more 
difficult than that of the other ; and that A is always less than 
A', B than B', C than C, &c. And it is evident that each of 
the series denoted by E and G converges by the same geo- 
metrical progression, viz. e% e*, s', &c. So that the arithmetical 
value of any number of terms of the latter series will always 
be nearer to the value of the whole, than the arithmetical 
value of the same number of terms of the former series will 
be to its whole. And as to transformations of the expression 

w (Izliif ] into others, in order to obtain the fluent in series 

of swifter convergency, when the case requires it; it is ob- 
vious that similar operations may be performed on the expres- 

In the application of E and G to the rectification of the 
hyperbola, the one is multiplied by e, the other by s, (see the 
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equations marked (£) and (J) in Art. 7 and 9,) which are 
operations equally easy. 

Thus it appears, that all the labour of computing the eccen- 
tricity, the abscissa, and the length of the elliptic arch denoted 
by y E, and of applying it to the rectification of the hyperbola, 
is wholly unnecessary; and consequently, that that method is 
circuitous, and more curious than useful.* 

Some furtlier Observations on the Rectification of the Hyperbola : 
among which the great Advantage of descending Series over as* 
cending Series, in many cases, is clearly shown; and several 
Methods are given for computing the constant Quantity by which 
those Series differ from each other. 

13. The new series above given in Art. 1 1 , it is obvious, 
will converge swiftly so long as u is small in comparison of 1; 
(which it will be when x is not much greater than 1 ;) so that 
this series will be very convenient for computing a small arch 
of an hyperbola near the vertex, even when e is nearly = 1 : 
and, when £ is small in comparison of 1, any arch, how great 
so ever, may easily be computed by it. But, when « is nearly 
= 1, and uu is greater than f-, this series will converge but 
slowly ; and, for that reason, will not be an eligible form for 
arithmetical calculation. In such cases, however, a swift con- 
verges cy will take place in some of the descending series 
(discovered by me, and) inserted in the Philosophical Trans- 

* By comparing the expressions marked y and £, in Article 9 of this Paper, with the 
short paragraph near the top of page 261 of the Philosophical Transactions for 1804, 
the mathematical reader will quickly perceive that Mr. Wood house has there as- 
serted too much. 
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actions for 1802. And as those descending series differ from 
the ascending ones by a constant quantity, (as is there shown,) 
I will now add something to what was then said on the me- 
thods of computing the value of that constant quantity. 

14. It is very evident from what is done in the Philosophi- 
cal Transactions for 1802, from page 4,60 to page 465, that 
the constant quantity here spoken of is no other than the dif- 
ference between the length of the arch of the hyperbola and 
its tangent, " when the point of contact" (to use Landen's 
words,) " is supposed to be carried to an infinite distance from 
" the vertex of the curve :" * — which difference is undoubtedly 
the same as " the difference between the length of the arch 
" infinitely* produced and its asymptote" — (as Simpson-^ ex- 
presses it.) And since each of these eminent mathematicians, 
and Mac Laurin also, (as I before observed,) has treated of 
this difference, it seems requisite that I should here give a 
brief statement of their methods of computing it, and compare 
th'em with such of my own as I offer to the public. 

15. If 1 be written instead of a, in Art. 435 of Simpson's 
Fluxions, the eccentricity will be %/ 1 4- 66, which is denoted 
by e in this Paper ; and his dd = —~ will be = ^- = £ g. Sub- 
stituting, therefore, 1 for a, and s for d, in the series by which 
he expresses the difference between the length of the asymp- 
tote and the infinite arch, it becomes 

■ A * ' 2 ^ 2.2.4 ^ 2.2.4.4.6 7- 2.2.4.4.6.6,8' <XU 

bis A being = the quadrantal arch of a circle of which the 
radius is 1. 

In like manner, 1 being written instead of a, in the second 

* See La n den's Memoirs, Vol. I. p. 23. f See his Fluxions, Art. 435. 

MDCCCXI. R 
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series in Art. 808 of Mac Laurin's Fluxions, his E = a -J- — 

will become = 1 + 66, which is = ee in the notation used in 
this paper ; and his series, 

2 x V E I" Z-4E 1™ 4 , 6E "T 6 . 8Ii I" g.ioE' otc * 

(A denoting the first term, B the second, C the third, &c. ) 
will become N x : - + — L ~. ; -\ ™n -f — ~!4ir 75 &c. 

ze ■ 2.2.4** ' 2.z.4.4.6e 5 » 2.2.4.4.6.6.8e 7 ' 

which series, since — is = e, and N denotes the quadrantal 

arch of a circle of which the radius is 1 , exactly agrees with 
Simpson's series. 

And this series will be found to agree also with the value 
of sG in the equation marked ( S) in Art. 9, when u becomes 
= 1. For, in that case, eY = ex denotes the asymptote, and 
H the infinite arch of the hyperbola ; and we have, by trans- 
position, ex — H = $G. And, u being = 1, A, the first term 
of the series denoted by G in Art. 11, becomes = the area 
of a quadrant of a circle of which the radius is 1, that is, == 

— : B becomes = — = < — : C becomes = —- = -2—. ■ : D be- 

2 4 2.4 6 2.4.6 

comes = — = — -^g~g : &c. and these values being written for 
A, B, C, D, &c. and the whole x e, we have «G=Nx:- + 

1^4 + l£& +-7J$$ki> &c - P erfectl y agreeing with the 
series above stated. 

This series, it is obvious, will converge but slowly when e 
is not much greater, and consequently b not much less, than 1 ; 
that is when b is small in comparison of 1. But, in such cases, 
other series which have a good rate of convergency may be 
used, as was shown in my former paper on the Rectification 
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of the Hyperbola, and will more fully appear In the following 
pages. 

Mr. Landen's methods of computing the aforesaid differ- 
ence next come under consideration : and, first, his method of 
computing it by means of the arches of two ellipses. 

16. We have seen above, that, when x becomes immensely 
great, u becomes = 1 ; and in this case the equation ( £ ) in 
Art. 7 becomes H = 2 -£■ ex + ^E — 2 ( 1 -j- e) V E ; from which 
we have ex — H = 2 ( 1 -f- e) V E — dE — 2, another expression 
of the difference between the length of the asymptote and the 
infinite arch: which expression, however, is not so conve- 
nient for arithmetical calculation as the preceding. For here 
E denotes the quadrantal arch of an ellipsis of which the trans- 
verse semi-axis is 1, and the eccentricity e ; which arch is = 



N x ;l„-- ...3 8 , , „ 3-3-5*- __ „±3±5;.7L_ &c 
2.2 2.2.4.4 2.2.4.4.6.6 2.2.4.4.6.6.8.8' 

so that the computation of eE = - == 

2.2 2.2.4.4 2.2,44.6.6 2.2.4.4.6.6.8.8' 

will require as much labour as the computation of eG, which 
is the very difference sought. (See the preceding Art.) But, 
by this method, we have yet to compute the elliptic arch de- 
noted by V E, of which the transverse semi-axis is 1, the eccen- 
tricky C= 2g, (= 2g.) and abscissa v = V (^-) >( = v^) }'• 
and then there must be a multiplication of this quantity by 2 
(1 4- e), and, after that, a subtraction of <?E + 2 from the pro- 
duct, to obtain the difference sought : all which labour is more 
than is required by the method described in the preceding 
article. Here, then, we have a striking instance (and a thou- 
sand more might be produced) of the inutility of rectifying 
the hyperbola by means of two ellipses. 

R2 
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17. But Mr. Landen discovered another and a better me- 
thod of computing the difference in question, which is briefly 
this : 

If from C, the center of 
an hyperbola, CP be drawn 
perpendicular to DP, a tan- 
gent to the curve in D ; and 
if the transverse semi-axis 
CA be = m, the conjugate 
semi-axis = n, the perpen- 
dicular CP = p ; and if/ be c 

put = , and z = - : 

then will the difference between the length of the tangent 
DP and the arch AD be universally expressed by d — the 

fluent of iY(tM+Tfz—x*.Y where dxs, a constant quantity = the 

fluent generated while z increases from to m. 

If now — be written instead of z, the above fluxion will be- 
nt 

come V[m *„*+^L_fc4) » agreeing with Mac Laurin's expression 

of the same thing in Art. 804 and 808 of his Fluxions, where 
the transverse and conjugate semi-axes are denoted by a and 
b, respectively ; and, in the latter of those articles, this expres- 
sion is resolved into -_J^— ^, and its fluent generated 

while p increases from to a, or m, is exhibted in series of 
which I have spoken in Art. 3 and 15 of this Paper. 

Mr. Landen has no where, that I know of, exhibited the 
fluent of the above fluxion in series, but in the following 

manner.* Denoting the fluent of V(wm _^ ( „ w+f)j>) > generated 

* See his 2d Memoir, Art. 5. 
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while p increases from to m, by L, (which I denote by d,) he 

says that, when the abscissa CB is =mx, 1/(1 4. — — - -], 

(at which time the ordinate BD is = n x 4/ 1 -7; — - — A, and 

the tangent DP = /(m + ^»)), then L, (or J,) is = 2 DP 

— 2 AD + w — ^/{mm, -f- ww) = » -f- %/ (mm +»»)— 2AD. 

18. Now, in order to compare this method with those of 

Mac Laurin and Simpson which have been described above, 

we may proceed thus : ^ -j^£— — (which, for the sake 

of brevity in a subsequent use of the fluent, I denote by <p,) is 
-a -__JLM__ x : 1 4. JL. 4. J£L. 4- 3-S/> 6 1 3^-7j> 8 &c> . 

?n\/ (jm-\-pp) ' s zmm • 2.4m* ■ 2.4.6m 6 ■ 2.4.6.8m 8 ' ' ' 

it is also 

/A* , . ., A* 1 3P* 3-SP 5 1 3 57i> : 



n^mm-pp) ' 21m > z.^n* z.^.6n 6 » 2.4.6,8m 8 ' ' 

the one series proceeding by the powers of —, the other by 

the powers of — ; which geometrical progressions, assisted by 

numeral coefficients, it is obvious, will have place also in the 
fluents as they are exhibited here below. Thus, 

The fluents of -7~?~-rr, , -rr^-rr^, Tr^rr^> & c - being de- 
noted by A, B, C, &c. respectively, we shall have 

pV{nn+pp) -nnH.L. (•£■ + V(* + 2) ) 

Tj p 3 -\/(nn-\-pp) — yin A 

4 ' 

n pW(.nn+pp)— S««B 
U = -3 , 

T^ — P\'{nn+ p p)-7«nC 
U __ g , 

p, • __ p9%/(nn-\-pp)— gnuD 
&C. &c. 
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and hence, 

l0 - <p = i * : A + db B + i^r* c + ipb D + q§& E > &c - 

And the fluents of ^JJ^ , j^fy -flippy &c. being 

denoted by A', B', C, &c. respectively, we shall have 

P 

mm X cir. arch of which rad. is 1 and sine — , — p^[mm—pp) 

•A. SSS ' ■ _ — — _ , — 



B 
O 

D 

E 



3mm A' — p 3 \/(mm—pp) 

„ _ , 

$mmW—p s \/(mm—pp) 

— , - , 

7mmC—p 7 \/(m m—pp) 

— _ s 

_ gmtnD' — p 9 i/(mm — pp) 

— IO > 

&c. &c. 



and hence, 

Each of these series begins and increases with p ; so that 
neither of them needs any correction. 

lg. Two series being thus obtained as expressions of the 

general value of the fluent of V(mm J p f Vim + pp y (denoted by 
<p,) the next thing to be done is, to ascertain the rate of conver- 
gence of each when the abscissa CB is k= m */(i + r — - — J. 

o J v v 1 (mm+nn)) 

Now to this value of the abscissa CB, the corresponding value 
of the perpendicular CP —p (as appears from the equations in 

Art. 17,) is = m^-— - JL— ), We therefore have, in this 

pp n _. pp __ win , . ■■ 

CaSe ' ^ ~ » + V(mm + »»)» and 1ST — n«+»V(«« + «»)' ° h ^ 

the respective rates of convergency of the geometrical pro- 
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gressions which (assisted by numeral coefficients) will have 
place in the first and second series given in the preceding 
article. 

20. It is now easy to compare these rates of conver- 
gency with that which has place in the series in Art. 15, thus : 
Putting 1 instead of m, and b instead of n, the rates are these, 
viz. 

In 1st Series. In 2d Series. In Art. 15. 

b 1 1 



h-\-\/{i + bb)' 

writing 1, 2, 
1 




&c. 


bb + bV(i + bb)> i + W 

successively instead of 6, we have 
i i 


s + Vz ' 
2 


I + V 2 ' 2 ' 
I I 


2+^5 ' 

3 


4+2^5* 5' 


3-j-yio' 

&c. 


9 + 3V 10 ' io* 

&c. &c. 



In all which cases it is evident, that the calculation by the 
series given in Art. 15 will, on a double account of simplicity, 
be much easier than by the second series in the preceding 
Art. notwithstanding its greater rate of convergency. 

Let us now write —,—,—, &c successively instead of b, 



and we shall have the 

In 1st Series. 
1 


2 ' 3 ' 4 ' 

following rates 

In 2d Series. 
4 


In Art. 15 

4 


I + V5' 
1 


1 + V5' 
9 


5' 

9 


1 


i\/+io' 
16 


10' 
16 


1 + V17' 

&c. 


1 + ^17' 
&C. 


17' 



Here the great advantage of the first series given in the 
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preceding Art. over that which was discovered by Mac Laurin 
and Simpson appears; and we see that Landen had good 
grounds for valuing his method, or, to express myself better, 
one of his methods of solving the Problem which I have now 
under consideration, although it cannot be truly said that he 
finished his work. 

21. If indeed the hyperbola were equilateral, then, n being 

= m, the fiuxional expression -j-. -^i$r? — rrr; becomes = 

PPP -^ vM j.ili. IP* i 3-S/>" ft r . 
V(m*-p*) — mm X * 1 ■ "t" 2m * "T ^? "T 2 4 . 6m >*> °"" ' 

and we have 

- __ P 3 v . » i A* i 3;> 8 , 3 5/'"' o 7f > 

And taking £ = m V[ n+V( * m+ „ n) )> which, in this case, is 

= m-t/f rr I we shall have ■£? = ~ [— —-) = — ~, the 

rate of convergency of the geometrical progression which will 
have place in this series; and this rate of convergency, toge- 
ther with the simplicity of the numeral coefficients, will render 
this series eligible for numerical calculation in preference to 
either of the other series. 

22. The fluent of ■— r^r-z u when * = m 

\'(mm — pp) V(«« + ppy , ' ll ^- ii r — "«• 

^ \ n+V(rnm+nn) )> bein g obtained in converging series, whatever 
be the ratio of m to n ; let this particular value of it be denoted 
by O, (to distinguish it from the general value denoted by <p,) 
and substituted in the general equation d— <p = DP — AD, in 
Art. 1 7 , and we shall have d — ■ $ = DP — AD ; and this value 
of DP — AD being substituted for it in the particular equation 
h = d = 2DP — 2AD -f- n — V ( mm -f- nn), in the same 
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Article (in which equation DP= \/(mm-\-nn),) we have d = 
ad — 2<& + n — ^/(mm -{- nn), and hence L== d =. 2$ -\- 
s/{mm -f- nn) — n, which is the difference, or quantity 
sought. 

23. I come now to make a comparison of Mr. Landen's 
last mentioned method of computing the difference in question 
with some of my own methods. 

We have already seen in Art. 20, that, when the conjugate 
axis of the hyperbola is greater than the transverse, Landen's 
method is not wanted, since the operation by the old series 
will, in general, be easier. The comparison therefore, now 
to be made, is only in cases when the conjugate axis is equal 
to, or less than, the transverse axis. 

It appears from Art. 9, 11, and 17 of this Paper, that, when 

wisput= 1, and x is taken =m\/(i -f- v{m ^ m) ), the value 
of ee uu is — - — r--rr-. — '•» the powers of which fraction form 

i-f nn + n\/(i+nny r 

the geometrical progression which will have place in the series 
denoted by G, from which H, or the arch AD is quickly ob- 
tained. And, with these values of m and x, we have, by Art. 

iq, i£-~ - ■ * - — r, the powers of which fraction form the 

S" mm n+\/(i+nny r 

geometrical progression which will have place in the series 
denoted by $. When n is taken = 3, the former of these 
algebraic fractions is = ■ - ■ / -. , the latter is = —~r- As the 

one fraction increases with n, and the other decreases, it is 
easy to find that value of n which shall make them equal, viz. 
b=| v /(- 2 + v" 20 ) = 0786, &c. ; and, with this value of 

n, each of these fractions is = 3 ~ s = 0*381966', &c. Thus 
it appears, that, n having any value greater than %s/( — 2 -f- 
mdcccxi. S 
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\/2o), the fraction — — r--rr-r-\ will be less than —~rr~ — \ 

and less than 0-381966; and consequently that the hyperbolic 
arch AD may be more easily obtained from the series denoted 
by G, in Art. 11, than by either of those denoted By <j> in Art. 
18. And hence we may derive another expresssion of the 
value of d, in the following manner. 

24. Since uu is universally = e -~—-~, (see equation £3]] in 
Art. 5, where e denotes the eccentricity ;) by putting xx = 1 
-I — 7—^ — ;, and writing: 1 4- nn instead of ee, we shall have 

&w = ■ •■■ ,,,. —., and se uu = — = — — ; — rr— — - v Let the 

value of G, corresponding to these values of w and e, be de- 
noted by r; then, by the equation ($) in Art. 9, the hyper- 
bolic arch AD = H, is = eV — eT. But, since V was put = ux, 
(see Art. 5 and 6,) it will in this case be = 1. Writing there- 
fore e — er for AD, and 1 for m, in the equation at the end 
of Art. 17, we have d = n -\- \/(l + nn ) — Qe + 2£r = 2sr 
-j- n — ^(1 4" nn). \%i^ 

It now appears, that d, the difference between the length 
of an infinite arch of an hyperbola and its tangent, or asymp- 
tote, may be computed by means of one series converging 
swifter than the powers of ^-, even in the most disadvantage- 
ous case ; so that a dozen terms of it will be sufficient for all 
common uses : but, that a series of such convergency was 
attainable in this case, appears not to have been observed by 
either of the writers before mentioned. 

25. If the transverse and conjugate semi-axes of an hyper- 
bola are denoted by a and 1, respectively, the ordinate by y, 
and the arch by %; and if ^/(aa •+• 1), the eccentricity, be 



of the Hyperbola. 131 

put = e, and if -r g be written instead of y, in Theorems II. and 
IV. in pages 453 and 454 of the Philos. Trans, for 1803 ; then, 
(as appears by pages 466 and 467 of the same Vol.) the cor- 
responding value of z may be obtained from either of the 
following equations, viz. 
i.^A~fB + lC-f 6 D + ^E ) &c. 

in the first of which equations 

g e £ (i + e F-A 

c 

D 

E: 

&c. &c. 

in the second, 

A'=H,L. (Virf-0 -■/*), 

p,_ -' v (t + '> - a ' 

2 ' 

— etfW— + 1) — 3B' 

C ._, , 

r>/- " cV (T + 1 >-5C 

~6 "» 



e 


4«e 
—3 3 


j 

_ 3 B 


e 


6ee 
— 5 3 


- 5 C 


e 


See 
— 7 3 


- 7 D 



E 



,__ ~'V(y+ 0-7D' 

_ - __ ^ 

S 2 
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Now, since */( 1 + e) - ^e is = V(l+ ' g)+v , , if / be put == 

H.L. ( v'< ? +v''( 1 +0)> an( * ^ tne values of A, B, C, &c. and 
of A', B', C'j &c. be taken in terms of e and /, and written for 
them in the above two equations, we shall have 

1. x = VT+7*^ + ± 

\2.4es 2.2.4*^/ 2.2.4c 

4- </l 4- e x f 3 J- 3 3-3 \ 1 3;3£ 

T "*" I2.4.6.H "" 2.4.4.66* 2.2.4.4.6**/ "*" 2.2.4.4.6^ 

_ \/l"+7 x / — -— -j — 3J-5 . , 3- 3-5-S \ , .._ 3.3-5-5^ 

1 l2. 4 .6,8el 2.4.6.6.8*1' 2.4.4.6.6.8/* * 2.2.4.4.6.6.8*"/ ~ 2.2.4.4.6.6.8^ 

&C- &C. 

1 I 2g 



26 
— I 

e x 



+ v/T+- 



2.2.4*1 2.2.4** 

s/T+~e x f— -2-7 H— \ 3-i£_ 

\2.4.4.6e-5- 2.2.4.4.6*5/ 2.2.4.4.6*5 



-l-l/l+a (— -^ 2±* 1 3-3-S-5 \ _ 3-3-5-5* 

12.4.6.6.8*! 2.4.4.6.6.8* V ' 2.2.4.4.6.6.8* 1 ? 3 / 2.2.4.4.6.6.8** 

&c - &C. 

Here, on the right-hand side of both these equations, the 
diagonal lines of quantities in which / enters, and the perpen- 
dicular columns which have the common factor V 1 -{- e, the 
first column of the first equation, and the first term of the 
second excepted, are exactly alike, but under contrary signs ; 
so that, by taking the sum on each side, we have 

^J-^-J' /r + 7x:J J~—3+-VT- -^ &c. 

SZ-j-a = ^ 3*2 2.4*2- 2.4.6*1 2.4.6.8«i 



1 



•\-elV 1^-e. 
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The right-hand side of this • equation, by multiplying both 
numerators and denominators by el, becomes el \/ '1 + e x : i 

4- — * 1 ^r- 3 — -^rr., &c. which is = e\ s/ \ + e 

x\/i-j--= Vi-{-exVi-{-e = i-\-e. Hence we have 

d = i + e — zz, which is the very equation at the end of 
Art. 17, obtained by Landen's method, the difference being 
only in the notation. 

It appears by this result, that the constant difference between 
the values of the ascending and descending series, here denoted 
by d, is equal to the difference between the lengths of the in- 
finite arch and its tangent, as was observed in Art. 14, and 
may be briefly proved thus : by the notation specified at the 
beginning of this Art. and the property of the curve, as 1 : e 
: : y.ey, the length of a line drawn parallel to the asymptote 
from the extremity of the ordinate to the transverse axis ; 
which line, when y becomes immensely great, will coincide 
with the tangent drawn from the same point, and will be equal 
to the corresponding portion of the asymptote. And it ap- 
pears by Art. j 3 of my former Paper on the Rectification of 
the Hyperbola, (see Philos. Trans, for 1802, p. 461,) that the 
corresponding arch of the hyperbola, z, is = ey — d. We 
therefore have, in this case, d =■ the asymptote — the infinite 
arch. 

26. Thus is Landen's best theorem respecting the rectifi- 
cation of the hyperbola obtained by the common application 
of Sir Isaac Newton's doctrine of infinite series. And I fur- 
ther observe, in transitu, that Fagnani's theorem, respecting 
the rectification of the ellipsis, is attainable in the same easy 
manner. These devices are indeed very ingenious ; but their 



ig4 Mr. Hexlins-o» the Rectification 

utility appears to me to be much less than has been imagined. 
It has been represented even in these Transactions, for the 
year 1804, p. 236V that Fagnani's theorem is necessary to 
the investigation of Euler's series for computing the length 
of a quadrantal arch of an ellipsis ; yet, the fact is, that Fag- 
nani's theorem is no more requisite on that occasion than 
Landen's theorem is in the investigation of a similar series 
for computing the difference between the lengths of an infinite 
arch of an hyperbola and its asymptote, which will be given 
in this Paper. 

27. It appears by inspecting the values of z and z -f- d, ex- 
hibited in terms of e and /, in Art. 25, that when y becomes 

equal to, or greater than, ■—, Theorem IV. will be more 
eligible for arithmetical calculation than Theorem II. It is 
obvious also, from the same article, that no more than one of 
those values need be computed in order to obtain the value 
of d. Putting, therefore, £ for the value of z corresponding 

, (V e + ee 

to y = -7-, and S = < 

V< ] + ± A .__JL^B' + -^- 5 C',&c. 

L ' ze z.4« J • 2.4 be 5 ' 

( A', B', C, &c. being as there specified, ) we have £ = S — d; 
and this value being written for £ in the equation d=n -\- e 
— 2£, it becomes d=i -\-e -j- 2d — 2S; from which we have 
d = 2S — 1 — e, which is another convenient formula for com- 
puting the value of d. 

28. If the diagonal line of quantities in which / enters, either 
in the value of z or z -j~ d, before referred to, were written 
by itself, and the remaining perpendicular columns summed 
in the manner by me described in the Philos. Trans, for 1798, 
p. 548 et seq. the value of d might be obtained in a pair of 
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series, each of them converging by the powers of — . But the 

advantage of computing by such a pair of series, instead of 
the single one above described, is* less than might at first be 
imagined; for, in order to have a result true to the same 
number of figures, about the same number of terms must be 
computed, whether of the single series or of the pair. Since, 
therefore, the advantage obtained by such a transformation 
lies not in the literal powers, it can have place only in the co- 
efficients ; and there it may be very considerable. 

I now proceed to the investigation of a pair of series for 
computing the value of the constant quantity d, each of which 

converges by the powers of — ■ 

29. If the transverse and conjugate cemi-axes of an hyper- 
bola are denoted by a and 1, respectively, the ordinate byjy, 
and the corresponding arch by % ; and if the eccentricity, 
V au + 1, be denoted by e, and 1 -\- eeyy be put == uu ; then, 
as 1 have shewn in the Philos. Trans, for 1802, p. 457, will 

x== \Vu7+Ta + i A+ A B + ^ C + Jj§£ D, &c 
where A = -1 H. L. V("+«0--a 

/i it. * 



B = 



a u 

— i/(uu-{-aa) A 

iaa uu 2aa' 

— \/(uu i-aa) 3B 

4«a m 4 4«a' 



p. — \/(uu + aa) 5C 

baa u 6 baa* 

OlC b 0£C» 

and d, the constant quantity to be subtracted from the series, 
is (see p. 462 of the Philos. Trans, for 1802, and Art. 25;) 
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equal to the difference between the lengths of the infinite arch 
and its asymptote. 

Now, when y = 0, then % =. 0, and u becomes = 1 ; and 
the value of the series, in this case, is the value of d; and this 
value, if the terms of the series are ranged one under another 

according to the powers of — , will stand as below, viz. d = 



l-j~aa 


+ T 










2.4. 2aa 




3A 
z.\.zaa 






2.4.6.44a 


) 


I 3-5-3^0 +««0 
■ 2.4.6.4.2a 4 


| 3-S-3A 
1 2.4.6.4.2a 4 - 




3 5.7^(1 +aa) 


1 3-5 7-5v/(i+^ 
' 2.4 6.8. 6.4a* 


') 3-5 7-5'3V(i+*«) 


3-5-7S-3A 


2.4..6.8.61ZG 


2.4.6.8.6.4.2a 6 


2.4.6,8.6.4.2a 6 



&c. &c. &c. &c. 

Here, in the diagonal line of quantities which have the com- 
mon factor A, we find the geometrical progression — , ~, — Q i 

&c. so that, when a is much greater than 1, this series will 
converge very swiftly. The same progression has place also 
in the perpendicular columns of quantities which remain after 
the diagonal line is taken away; in all which columns we find 
the constant factor s/ 1 -f- aa. If, therefore, the sums of the 
very slowly converging numeral series 

3 , 3-5 1 3-5-7 , 3-5-7-9 & p 

2.4.2 ' 2 4.6.4 ' 2.4.6.8.6 ~ 2.4.6.8.10.8' ou " 

, 3-5 3 1 3-5-7 -5 , 3-5-7-9-7 jl 3-57-9-"-9 e, r 

3.4.6.4.2 « 2.4.6.8.6.4 ' 2.4.6.8.10.8.6 ' 2.46.8.10.12.10.8' 

3-5-7-5-3 1 3-5 7-9 -7-5 1 3-5-7-9 1 '-9-7 «._ 
2.4.6.8.6.4,2 " 2.4.6.8.10.8.6.4 1 2.4.6.8.10.12.10.8' °^ 

are taken (and they may easily be computed by the method 
explained in the Philos. Trans, for 1798, p. 547 to 550,) and 
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denoted by the Roman letters a, b, c,* &c. respectively, we 

[ A v . i 3 1 3-5-3 3-5-7 - l >-3 o,„ 

3 z.^.zaa • 2.4.6.4.2a 4 2.4,6.8.6.4.2a 6 ' 



shall have ^=< 

[+ \A + MX : 1 — ~ + ~ - Jr, &c. 

The law of continuation tf^ infinitum is very evident in the 
first of this pair of series ; and although it is not so in the se- 
cond, still it is obvious that b is less than a, c than b, &c. ad 
infinitum. And since the numeral coefficients of each of these 
series may be expressed in decimals, and their logarithms 
written out ready for use, an arithmetical calculation by this 
pair of series, when a is considerably greater than 1, will be 
much easier than by either of the single series given in Art. 
25. 

But this pair of series may be transformed into another 
pair converging by the same powers of a, yet of a simpler 
form, and therefore more convenient for arithmetical calcu- 
tion. The operations -f to be performed on this occasion are 
as follows. 

go. The H. L. of (s/i -f- aa — a), which enters into the 
value of A, is = — H. L. (a + V'l + aa) ; and this logarithm, 
expressed in correct descending series, is — H. L.za, — 

1 o ' ' z.zaa 

+ ^- 3 ^.6^' &c - A ' therefore ' bein S = T H - L -( l/l + ^ 
~tf),is = ~i.H.L. a<z> u-^L. + ^__g_ &Ct==! 

• - (x + /) —3 ^ —< — 3 'h y, &c. x beine; put for 

a \ • / 2.2a 3 ' 2.4.4a' 2.4.6.6a?' o l 

* The values of these letters are i+iH.L.3,|| + / 6 - H. L. z, and * *' g ' " 2 , 
respectively. See Philos. Trans, for 1798, p. 538. 
f See Philos. Trans, for 1793, p. 557 and 558 ; -and for 1800, p. 87 and 88. 
MDCCCXI. T 
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H. L. of 2, and / for H. L. of a, for the sake of brevity, and of 
facility in the comparison of the result of the present operation 
with one which is next to be made. The multiplication of this 
series equivalent to A, by its proper factor, may stand thus : 

a \ • / 2.2a 3 ' 2,4.4a 5 2,4.6.6a" 

X _ 3 1 3-5- 3 3-S-7-5-3 g^ 

3 "~ 2.4. 2«a ' 2.4.6.4.2a* 2.4.6.8.6.4.2a 6 ' 



i. (X 4- /) L. j- _!_. _ —^ri, &c. 

2« \ ' / 2.4a 3 ' 4.4.4a 5 4.4.6.6a 7 ' 

• 2.4.2a 3 ' 4.4.4.2a' 2.4.4.4.4a 7 ' 

__ 2£lii±£L _. 3-5-3 & 

'""" 2.4.6.4.2a 5 2.4.4.6.4.2a 7 ' * 

, 3 5.7-5 -3(^+/) & 



2.4.6.8.6.4,2a 7 



The value of \/i + #a also, in descending series, is a -f- 

za ~~ I4T 3 "+* 2 .A a 5 ' & c - an< * tne multiplication of this series 
by its proper factor may be made as below : 

a 4- — , -J 2__ &c. 

• 2a 2.4a 3 ' 2.4,6a 5 ' 



a , b Co. 



a« 



a + ^ ~~ mT 3 + Z£5?» &c - 

a ~™ 2a 1 * 2,4s 5 ' * 

a 5 ' 
1 _1_ 3j 3-5-3* 



Now if the series — — 4- — — -, -. tt^— ;, &c. (which is 

za ' 2.4.2a* 2.4.6.4.2a 5 ' \ y " 1VflU Ai> 
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found in a diagonal line,) be taken from the first of these 
products, all the coefficients of the remaining terms (since h 
= H. L. 2,) will be known quantities; and consequently all 
the remaining terms in each perpendicular column may be 
added together, and to their like quantities in the second pro- 
duct ; so that the new pair of series expressing the value of d, 
will be this, viz. 

f A , B C fi 

I _. 1 4. ~i l i±?L. & c 

L 2<i » 2.4.2*3 2.4.6 4.2flS' uw " 

where the values of A, B, and C, are 0-44314718, 0-05680519, 
and o-o2 183137, respectively. The law which the coefficients 
of the logarithmic series observe is evident ; the law, which 
the coefficients (A, B, C, &c.) of the other series observe, will 
be discovered by the following process. 

31. It appears by Mac Laurin's Fluxions, Art. 808, and by 
the Philos. Trans, for 1802, p. 462, that d = 1-57, &c. x : 

7 - £i+ M&6 - ££&■ &<=•: "here it is evident that 

the value of d depends entirely upon that of a, and that these 
two quantities must be constant or vary together. Therefore, 

supposing these quantities to vary, and taking the fluxion on 
both sides of the equation, we have 

d = 1-57 &c. a x : a ~~ Hi + 122* _ 2±LS2£ &c . 
KJI 2.2 • 2.2,4.4 2.2.4.4.6.6' 

This equation divided by a, and the fluxion taken again on 

both sides, making a constant, gives 

. — V k>7 &c. aa * : x — • ™ + *-"— — 55>5 '' &c. 

<* aa Ul 2 » 2.2.4 2.2.4.4.6 ' 

Here we find the denominators of the fractional coefficients of 
the terms on the second side of the equation to be the very 

T 2 
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same as those in the original equation ; so that, if we can find 
herefrom another equation in which the numerators also shall 
be the same as those which were there found, we shall obtain 
an important point. Now this may easily be done as follows : 
Multiply the last equation by a, and take the fluents, and there 
will be 

d-f a ± = r 57 &c. a x : - a ~ + *g - ff^g, &c„ 

J a ' 2 • 2.2.4 2.2.4.4.0 

Divide this equation by a*, and take the fluents again, and we 
shall have 



f± -fJLf™ = r57 &c. x : - -f + -^- - -^7, &c. 

J a i J a 3 J a iJi 2 1 2.2.4 2. 2. 4.4.6' 

which is evidently = — -. 

This new equation will be fitted for our purpose by taking 
the fluxion on both sides, multiplying by a\ and then taking 
the fluxions again; which operations being performed, (re- 
membering that a must still be made constant,) and the terms 
brought all to one side, and properly arranged, the result will 

be add -J-( a) ad — (aa-j- i)^=o. 

32. The values of d, d, and d, are now to be taken in terms 
of the pair of series obtained in Art. 30, and substituted in 
the equation last found. And, although the coefficients of the 
logarithmic series, and the law which they observe ad infinitum, 
be already discovered, yet, for the sake of brevity, I denote 
the first, second, third, &c. of them by a, 6, y, &c. respec- 
tively. In this notation we have 

r a , b c' d e „ 

j I a • a 3 as ' a 7 a 9 ' 



of the Hyperbola. 



141 



f • 1 A 

' a x : 1 -4 

1 a« 






J = < -J- # x : • 

-{- <i/ x 



-J— 



«* 



7S- + 



a 8 T a "o , OCC. 

_i_ . !_ & c 



7^ 



9 E 



r a 6 ~ a 8 T- a" ' °""* 



..3 "T™ ,,5 ,,7 I />9 /i'« > 



a' 
1 Os 



d = fli < 



, 2« 4? , 6y 8^ . iuf „ 



3« 



Sr 



+ ___ J 1 ^ 

a* ~~ a 5 • a 7 



7* 



+ -S-, &C. 



+ /:x 



JL 34 s 



fl7 



9.IOt 



"+" a» "" "a 71- "' &C 



The last two equations, more concisely expressed, are 



r 



j. 



1 — j- 



A-i 



3B-g I 5G~y 
^4 1 ^ 



"T" „io > & c - 



a < 



Sr 



a" 

a 8 



^ = tf'tf << 



f 2A— 3« , 34 E ~ 7 e 5-6C— ny , 7.80—15} 9.10E— 19s „ 



L+^:-^ + 



5.6y 



flS 



+ 



7.8} 



a" 
9.10s 



«* 



-, &C. 



These values of <f, d, and j, being written for them in the 
equation dad ~f- (—■—«) «^ — ( aa -\- 1) d = 0, and the al- 
gebraic and logarithmic terms severally collected together in 
two parcels, and the whole divided by da, we have = 

-, &c. 
-,&c. 



a~ ■ 

-a — 

■t* ■ 



A 
a 



Q 



3 B~£ 



Z 1 , 

" "T" 



D 



E 



a 
% 



5 C-y , 7 D-£ 
- + _ 



3 b-s 



a9 
' 9 E- 



+ 



<re. 



7D_^ 



a» 



-,&C. 



, aA— 3« 3.4B— .76 , 5.6C — ny 7.8D— 15} , 9.10E— 19s o 

, 2 A- 3 « 34B— 7 g i 5- 6C ~"y 7-8D- i 5 ^ - 

1 ST""""" as"*" T «r — ' ^r ><*w 



1#* 



Mr. HelliNs on the Rectification 



+ /< 



+ 



2« 



L 



+ 



a' 
3« 



a 3 
a 3 



ir + 



3« 






5.67 



«7 

7.8* 



-£-, &C. 

-*- &c. 

&c. 



«9 

7» 



JLd£ _L. 
as T 



br + 



5.67 



9.10s 

IF* 

7 8£ 



&C. 



&c. 



Now, unless each of these parcels of quantities, as well as 
their sum, be universally = 0, this equation will be of no use 
to us. And if it can be proved, that the coefficients of the 
terms in the one series are, each of them, = 0, then it will 
follow, that each of the coefficients of the terms in the other 
series is also = 0. But each of the coefficients of the terms 
in the logarithmic series is = ; which may be proved thus : 
when the like quantities in this series are added together, the 
first term will vanish; and the coefficients of the second, third, 
fourth, fifth, &c. terms (without the common factor /,) will 
be 3a — 246, — 3.56 -j- 4.67, 5.77 — 6.8J, — 7.9^+8.105, 
&c. respectively ; and the law of continuation is obvious. But 
by the law (see Art. 29 and 30;) which the coefficients a, £, 



y, £, &c. are known to observe, f- is 

L2l — 
8.10 



e, 



3-5« 



5-77 



= J, 



3* 

— 10 — to, - 4 6 — „ 6>8 

&c. ; and therefore, 305 — > 2.46 = 0, 3.5s -— 4.67 

— 0> 5-77 — 6.8£ = 0, y.gS — 8.ios = 0, &c. 

The value of «, viz. ■§-, which was discovered in Art. 29, is 
found also in the algebraic series, as will presently appear. 
For, adding like quantities together, the first term of this 
series also will vanish ; and the coefficients of the second, third, 
fourth, fifth, sixth, &c. will -be as follows: 
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Coeff. of id term 1— -ax, 

s d __ ( 3<3 — t ) B + 1.3A - 4« + 6£, 
4th + (5.5 — 1 ) C - 3.5B + 8£ — lOy, 
5th — (7.7— l)D -J- 5.7C— 12y+ 14^, 
^th + (9.9 — 1 ) E — 7.9D -f- i6£ — 18s, 
&c. &c. 

And, putting each of these coefficients = 0, (since the whole 
series is now known to be = 0,) writing 2.4 for its equal 3.3 
>— i, 4.6 for 5.5 — 1, 6.8 for 7.7 — 1, &c. we obtain from 
these equations 







<x = i, 


B = 


±3 A — 
2.4 


•. 4. £ 
2 • 2.2' 


C = 


4.6 


3 "*" 3-4' 


D = 


5-7 r 


T + 4^' 



&c. &c. 

the law of continuation being very evident. 

The value of A, which is not discovered by this process, 
was found in Art. 30, and is = £ -f- H. L. 2. And the deci- 
mal values of these coefficients are as below, viz. 

A = 0*44314718, 

B =0*05680519, 

C = 0-02183137, 

= 0-01154452, 

E = 0*007 14200, 

&c. &c. 

33. Thus, by the common application of Sir Isaac Newton's 

doctrine of fluxions and infinite series, without any assistance 
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from, or regard to, Landem's theorem, we have obtained a 
pair of series for computing the value of d, which converge 
by the powers of — , and of which we can readily find as many 
terms as we please. And, by a similar process, (as was ob- 
served in Art. 26,) may Euler's series for computing the 
quadrantal arch of an ellipsis be obtained, without any use of 
Fagnani's theorem, or the " tentative methods," and " strange 
artifices" as Mr. Woodhquse * calls them, which appear in 
Euler's paper. 

34. If we look back to Art. 1 8 and 20 of this Paper, we 
shall find that, when the transverse and conjugate semi-axes 
of an hyperbola are denoted by 1 and — , respectively, (which 
hyperbola will be similar to that of which the semi-axes are 
a and 1,) the convergency of the first series, derived from 
Landen's theorem, will be by the powers of the fraction 

the same rate of convergency will obtain in the series given 
in Art. 29, by putting y = —-; for then uu, by- which the 
terms of that series are divided, will be = 1 + e, e being = 
y/aa 4- 1 : so that, when aa is less than 1 -f- <S"aa -f-i, 
the terms of the single series will decrease swifter than the 
terms of the pair of series ; and consequently half as many 
terms of the former as the latter will give a result equally 
near the truth. The two quantities aa and 1 -f V aa -j- 1 are 
equal when aa = 3 ; and hence it appears, that the proper 
use of the pair of series above found, is, when a is considerably 

* See Philos. Trans, for 1804, p. 235. 
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greater than ^/g. When a is a large number, about as many 
terms of the single series as of the pair must be computed to 
have the results true to the same number of figures ; yet the 
operation by the pair will be by much the easiest. 

35. If both sides of the equation 

f A . ■ B C . D 

I a - T + 7* ~ 7 + -2?, &c. 

! — / x : — ? + -^ — -?, &c. 

Were divided by a, and if — were put = 'd, and — = b; then, 

( since H. L. of & would be = — /, ) we should have 

, r 1 — Mb + B6 4 - C6° + m\ &c. 

' r ~~ \ — / x .. abb ~ Qb* + 7 6 8 - $> 8 , &c. 
where 'd denotes the difference between the lengths of the 
infinite arch and the asymptote, (and the difference also be- 
tween the values of the ascending and descending series for 
computing the arch,) of an hyperbola of which the semi-axes 
are 1 and 6, respectively. 

36. It was observed in Art. 12, that the fluxion there given, 
of an hyperbolic arch, is as capable of transformation as that 
which has been commonly used for the rectification of an 
ellipsis : so also are those which I have used in the Philos. 
Trans, for 1802, p. 451 and 455, and from which series con- 
verging by the powers of (~r^j > & c - m ay easily be obtained ; 

but to treat of such transformations is not only foreign from 
rny present design, but would extend this paper to a consi- 
derable length. I shall therefore only point out, by a few 
examples, the great advantage, in many cases, of computing 

by descending series, and then conclude. 

37. Example 1. The transverse and conjugate semi-axes 
mdcccxi. U 
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of an hyperbola are 7 and 1 , respectively ; it is required to 
find the lengths of three arches of which the three ordinates 
are 10, 20, and 30. 

Setting aside the circuitous method of rectifying the hyper- 
bola by means of two ellipses, if one was to think of comput- 
ing these arches by means of a similar hyperbola, and by the 
theorem (<£) given in Art. 9, (which is a very useful Formula 
within the limits specified in Art. 33,) he would quickly per- 
ceive, that the ascending series, by which the value of G is 
obtained, would converge very slowly; and therefore would 
make choice of some other method. Theorem IV. in my 
former tract (see Philos. Trans, for 1802, p. 454,,) is a very 
convenient form to be used on this occasion, and is as follows: 

Retaining the notation used in the beginning of Art. 29, 

\ e y ' yy 4~ * 



JL a - _I_ Vl a 3 p __3J> r» Hrr 

ze 

d; 



i " ze z.^e* • z.^.be* z.4.6.8e 7 ' 



where A = H. L. £l25±ib: 

y 

-V(yy+i) a 



B=z 
C = 
D 



zyy 2 ' 

■V(yy+i) ___ 3B 
-t/to'-f ) __ sc 

by" 6 ' 

&C. &C 



The first part of the work may be to find the value of d, 
which may easily be done by the pair of series given in Art. 
32 ; but, since a computation of it was made by two series, in 
p. 466, 467, and 468 of the volume here referred to, the 
ascending series being = 0-6*360768, the descending series 
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— 7'43499 12 > an ^ tne i r difference, d, = 6-7983144; we need 
only to verify that work, which may easily be done by the 
Formula given in Art. 25 and 27, thus : denoting the value of 
the ascending series corresponding to the ordinate — by £ and 
the value of the descending series corresponding to the same 
ordinate by S, we have, 

t. a « J *i r f = 8-07106781 

by Art. a 5, <* = 1 + * — a£ 4 ' '\ 

* L— 1-3721536 J 

Ml — III. Mil I I — I ■ .. H I ■** « 

= 6798914s; 

by Art. a7 , rf = 3 S _ ! _ J = ] f 6 '^ 1 

J ' I— 8-071C678J 



the difference in the last figures of the results arising from 
the inaccuracy of decimal fractions, and being wholly incon- 
siderable. 

The rest of the work may stand as follows : whenjy is =s 
io, then, (a being = 7, and = V aa -j- 1 = </5°>) 



A =a H. L. ^+°- 1 = - 0-0958341, 

r— — t^LZLJ — «„ s— __ o-00o«5q2q, 



2JI3I 3 

C = =3&J±i2 _ 3B = _ . 0000020 . 

of which terms two only are wanted to obtain a result true to 
seven places of figures. Hence we have 



Ua 
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■ + - 

e s/yy + 1 — 71-0633520, + -j A BS 0-0070593, 

^ B = o-ooooooi, — d = 6-798.91444, 



sum of the posit, terms 71 0633521 ; the sum — 6 8059737; 
neg. term, & correc. — 6- 80597 37 ; 

the difference is 64-2573784 = the length of the first 
arch. 

When y = 20, we have 

A = H. L. £<2±I>=! = - 0-0499794, 

B = 4g±4_-f = -0-0000415; 
of which two terms the first only is sufficient to give the re- 
sult true to eight places of figures. We now have 

e Vyy + i = 141 5980226, + ~ A = 0-0035341 , 
— 7^ B== 00000000, —^ = 67989144, 



sum of the posit, terms 141 -5980226 ; the sum — 68024485; 
neg . term & correc. •— « 6802 4485 ; 

the difference is 1347955741 = the length of the se- 
cond arch. 

When^ is = 30, the value of A = H. L. y . ffi+V . " . * is — . 
©0333274; and since the value of B (as appeared in the pre- 
ceding operation,) need not be computed, we have 

e s/yy -j- l = 212 2498528, —■ A = 0-0023566, 

neg. term and correc. — 68012710, — d= 67989144; 

length of the third arch 205 4485818. sum 6-801,2710; 
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It is now obvious that, to obtain the length of any greater 
arch of this hyperbola, the values of the algebraic quantity 
e s/y'y -f- i , and ~ A, the first term of the series, are all that 

need be computed ; for the value of d, once found, serves for 
all. And if seven more arches of this hyperbola, correspond- 
ing to the ordinates 40, 50, 60, &c. to 100, were to be com- 
puted, this theorem would afford a striking instance of the 
great utility of descending series. 

38. A second example might be, to find the lengths of ten 
arches of an equilateral hyperbola, of which the semi-axis is; 
1, when the ordinates are 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10. 

These arches may be computed by the new theorem given 
in Art. 9, in which the value of G is always given in ascend- 
ing series ; but that series, when y is much greater than 1, 
will converge very little faster than the powers of •§•: where- 
as, by using the theorem given in the Philos. Trans, for 1802,, 
p. 458, viz. 

f u I 3 3J 3±Z__ & c 

% = \ 2 -3" 5 2.4.7K 7 2.4.6,uzt ,J 2.4,6.8. i5« IS » 

I— d, 

(where % denotes the arch of an equilateral hyperbola of which 
the semi-axis is 1, wis = Vi--\* zyy, and J is = 0-5990701 2;) 
the geometrical progressions which will have place in the 
series, for the respective ordinates, will be the powers of these 

tractions, viz. 9 , gi , ^ 6i , jo8g , z6oi , ^^ ^, -^j, a6j69 ~_ 

and -. 

40401 

39. In these examples the use and advantage of descending 
series appear : more examples of their utility might be given ; 
and it might easily be shown, that there are cases in whichi 
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such series have the advantage, even when the ascending 
series have a good rate of convergency. I trust, however* 
that enough has been done in this Paper to satisfy all candid 
and competent judges of the matter, that the Rectification of 
the Hyperbola by means of tivo Ellipses is more curious than use- 
ful; that the advantage of computing by descending series, 
is, in many cases, very great ; and that such series will often 
answer the end of a transformation without the trouble of 
making it. 



